A ring R is nil-clean if every element in R is the sum of an idempotent and a nilpotent. A ring R is abelian if every idempotent is central. We prove that if R is abelian then Mn(R) is nil-clean if and only if R/J(R) is Boolean and Mn(J(R)) is nil. This extend the main results of Breaz et al. [2] and that of Koşan et al. [4].
Introduction
Let R be a ring with an identity. An element a ∈ R is called nil-clean if there exists an idempotent e ∈ R such that a − e ∈ R is a nilpotent. A ring R is nil-clean provided that every element in R is nil-clean. In [1, Question 3] , Diesl asked: Let R be a nil clean ring, and let n be a positive integer. Is M n (R) nil clean? In [2, Theorem 3], Breaz et al. proved that their main theorem: for a field K, M n (K) is nil-clean if and only if K ∼ = Z 2 . They also asked if this result could be extended to division rings. As a main result in [4] , Koşan et al. gave a positive answer to this problem. They showed that the preceding equivalence holds for any division ring.
A ring R is abelian if every idempotent in R is central. Clearly, every division ring is abelian. We extend, in this article, the main results of Breaz et al. [2, Theorem 3] and that of Koşan et al. [4, Theorem 3] . We shall prove that for an abelian ring R, M n (R) is nil-clean if and only if R/J(R) is Boolean and M n (J(R)) is nil. As a corollary, we also prove that the converse of a result of Koşan et al.'s is true.
Throughout, all rings are associative with an identity. M n (R) will denote the ring of all n × n full matrices over R with an identity I n . GL n (R) stands for the n-dimensional general liner group of R.
. Let x ∈ J * (R), and let r ∈ R. If R(1 − xr)R = R, then we can find a maximal ideal M of R such that R(1 − xr)R ⊆ M , and so 1 − xr ∈ M . It follows that 1 = xr + (1 − xr) ∈ M , which is imposable. Therefore R(1 − xr)R = R. In light of Lemma 2.3, 1 − xr ∈ U (R), and then x ∈ J(R). This completes the proof.
A ring R is local if R has only maximal right ideal. As is well know, a ring R is local if and only if for every a ∈ R, either a or 1 − a is invertible if and only R/J(R) is a division ring.
Lemma 2.5 Let R be a ring with no non-trivial idempotents, and let n ∈ N. Then the following are equivalent:
is nil, and then so is M n (J(R)).
Let a ∈ R. By hypothesis, M n (R) is nil-clean. If n = 1, then R is nil-clean. Then a ∈ N (R) or a − 1 ∈ N (R). This shows that a ∈ U (R) or 1 − a ∈ U (R), and so R is local. That is, R/J(R) is a division ring. As R/J(R) is nil-clean, it follows from Lemma 2.2 that R/J(R) ∼ = Z 2 . We now assume that n ≥ 2. Then there exists an idempotent E ∈ M n (R) and a nilpotent W ∈ GL n (R) such that
, and that
. As R possesses no non-trivial idempotents, e = 0 or 1. If e = 0, then I n − F = 0, and so E = I n . This shows that
where x ∈ M (n−1)×1 (R). Thus, we get αa = 1, γa = xα + γ, 0 = xβ + δ + I n−1 .
One easily checks that
This implies that u := α + βγa ∈ U (R). Hence, α = u − βγa. It follows from αa = 1 that (u − βγa)a = 1.
As R is connected, we see that a(u − βγa) = 1, and so a ∈ U (R). This shows that a ∈ U (R) or 1 − a ∈ U (R). Therefore R is local, and then R/J(R) is a division ring. Since M n (R) is nil-clean, we see that so is M n (R/J(R)). In light of Lemma 2.2, R/J(R) ∼ = Z 2 , as desired.
(2) ⇒ (1) In view of Lemma 2.1, M n (R/J(R)) is nil-clean. Since M n (R)/J(M n (R)) ∼ = M n (R/J(R)) and J M n (R) = M n (J(R)) is nil, it follows from Lemma 2.2 that M n (R) is nil-clean, as asserted. We come now to our main result.
Theorem 2.7 Let R be abelian, and let n ∈ N. Then the following are equivalent:
(2) R/J(R) is Boolean and M n (J(R)) is nil.
Hence, R/M is an exchange ring with all idempotents central. In view of [3, Lemma 17.2.5], R/M is local, and so R/M is connected. In view of Lemma 2.5, We note that the "(2) ⇒ (1)" in Theorem 2.7 always holds, but "abelian" condition is necessary in "(1) ⇒ (2)". Let R = M n (Z 2 )(n ≥ 2). Then R is nil-clean. But R/J(R) is not Boolean. Here, R is not abelian.
Corollary 2.8 Let R be commutative, and let n ∈ N. Then the following are equivalent:
Proof (1) ⇒ (3) Let a ∈ R. In view of Theorem 2.7, a − a 2 ∈ J(R). Since R is commutative, we see that J(R) is nil if and only if J(M n (R)) is nil. Therefore a − a 2 ∈ R is nilpotent.
(3) ⇒ (2) Clearly, R/J(R) is Boolean. For any a ∈ J(R), we have (a − a 2 ) n = 0 for some n ≥ 1.
Hence, a n (1 − a) n = 0, and so a n = 0. This implies that J(R) is nil.
(2) ⇒ (1) As R is commutative, we see that M n (J(R)) is nil. This completes the proof, by Theorem 2.7.
Furthermore, we observe that the converse of [2, Corollary 7] is true as the following shows.
Corollary 2.9 A commutative ring R is nil-clean if and only if M n (R) is nil-clean.
Proof One direction is obvious by [2, Corollary 7] . Suppose that M n (R) is nil-clean. In view of Corollary 2.8 that R/J(R) ∼ = Z 2 is nil-clean, and that J(R) is nil. Therefore R is nil-clean, by Lemma 2.1. 
